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Abstract
Recently it has been shown that despite previous claims the cosmological constant affects light
bending. In the present article we study light bending and the advance of Mercury’s perihelion in
the context of the Newtonian limit of the Schwarzschild-de Sitter spacetime employing the special
relativistic equivalence of mass and energy. In both cases, up to a constant factor, we find the same
results as in the full general relativistic treatment of the same phenomena. These approximate and
intuitive arguments demonstrate clearly what effects should have been expected from the presence
of Λ in the general relativistic treatment of these phenomena.
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I. INTRODUCTION
Recent cosmological observations point towards an accelerated expansion of the Universe
at the present epoch. In the cosmological scale it is expected or otherwise speculated that
the cosmological constant is responsible, through a repulsive force, for such an expansion.
One might wonder why the same repulsive force should not be at work in the solar system
scale. In particular, why Λ should not produce such a repulsive force around a local source of
a spherical spacetime such as Sun leading, in principle, to very small deviations from the well
known predictions of GR based on Schwarzschild spacetime calculations. The basis of this
expectation is the fact that, as for the usual Einstein field equations, the modified equations
(those in the presence of the cosmological constant) should also be employed in both solar
as well as cosmological scales. It seems that it was in response to such a question that
Rindler and Ishak have recently [1] revisited the question of light bending in Schwarzschild-
de Sitter (SdS) spacetime and find out that despite previous claims [2] [3] Λ affects light
bending. Since then there has been a lot of discussion /controversy specially over employing
the same results in a consistent manner to the cosmological lensing problem in the context
of Freedman-Lemaitre models [4] - [5]. Specially it was shown by Gibbons et al. why the
absence of Λ in the equation of null geodesics in SdS spacetime does not imlpy that light
bending is independent of Λ. They find the origin of this absence in the fact that in finding
the null geodesic equation one projects them onto a hypersurface of constant time. In this
way the projective properties of the null rays are independent of the cosmological constant
but other geometrical or conformal properties of the rays such as their lengths and angles
should be identified through the full metric where Λ appears [1]. It is an obvious fact that if
the effect of a parameter in the Newtonian limit of a metric is present in a phenomenon (such
as light bending) then the same effect should also be present in the full general relativistic
treatment of the same phenomenon. It is also well known that, using intuitive arguments
based on the relativistic equivalence of mass and energy in the one hand and Newtonian
gravity on the other hand, one could obtain basic features of inherently general relativistic
effects such as gravitational redshift and light bending [6]. In what follows we will employ the
same strategy to find the effects of Λ on Mercury’s perihelion precession and light bending
in the context of the Newtonian limit of SdS spacetime.
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II. NEWTONIAN LIMIT OF THE SCHWARZSCHILD-DE SITTER SPACETIME
Schwarzschild- de Sitter (SdS) spacetime in its static form (or in the static patch) is given
by the following line element
ds2 = f(r)dt2 − 1
f(r)
dr2 − r2(dθ2 + sin2 θdφ2) (1)
f(r) = (1− 2GM
r
− Λc
2
3
r2). (2)
It is an spherically symmetric spacetime with two parameters M and Λ corresponding to
mass and the cosmological constant respectively. It reduces to Schwarzschild (de Sitter)
spacetime for Λ = 0 (M = 0) and obviously is interpreted as the de Sitter spacetime in
which a spherically symmetric point mass is embedded. Since it is spherically symmetric
one could read out the Newtonian potential from the gtt component of the metric as (bringing
in the fundamental constants c and G);
Φ ≈ −GM
r
− 1
6
Λr2c2. (3)
Since SdS is not asymptotically flat this is valid as long as Φ ≪ 1 [14]. Indeed (3) is a
solution to the modified Poisson’s equation ∇2Φ = 4πGρM − Λc2 [7]. Obviously the above
modified potential leads to the modified force (per unit mass);
F ≈ −GM
r2
+
1
3
Λrc2, (4)
in other words the extra ”harmonic oscillator type” potential in (3) leads to the repulsive
force 1
3
Λrc2 (for Λ > 0). It is quite amazing to know that Newton in his discussion on
gravitational force in Principia, exploring other central force laws, had come to the conclusion
that the other central force for which one could consider the whole mass of a spherically
symmetric distribution at its center is a linear central force [8]. It seems that Pierre Simon
Laplace was the first to consider the superposition of the two forces explicitly in the form
F = Ar2+ B
r2
[9]. Looking at the Newtonian limit of SdS, the extra linear term contemplated
by Newton, has been noticed as a classical analogue to the introduction of the cosmological
constant term in general relativity [15]. It should also be noted that the compromise between
Λ’s cosmological role and its role in an exact solution for a compact object such as Sun is
not trivial. We will get back to this point later in the article. Our starting point to study
classical tests of general relativity in the context of the Newtonian limit of SdS spacetime is
the above modified force.
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III. EFFECT OF Λ ON MERCURY’S PERIHELION PRECESSION
Since Λ appears explicitly in the equation of timelike geodesics in SdS spacetime, unlike
light bending there has been no ambiguity over its effect on Mercury’s perihelion precession.
Indeed using timelike geodesics in SdS one can easily show that Λ has a definite effect on
Mercury’s perihelion precession in the form of an additional advancement by an amount [11]
δΨΛ ≈ πΛc
2a3(1− e2)3
GM⊙
, (5)
in which M⊙ is the Sun’s mass (i.e the mass parameter in Schwarzschild metric) and a and e
are the orbit’s semi-major axis and eccentricity respectively [16]. Here we aim to show how
one can obtain the same result, up to a constant factor, by employing the above modified
Newtonian gravity combined with special relativistic mass-energy equivalence, namely E =
Mc2, applied to both the planet and the Sun’s modified gravitational field. First of all we
note that from special relativity for a moving mass such as a planet we have
m =
m0√
1− v2
c2
, (6)
in which m0 is the planet’s rest mass. Secondly the gravity field around sun has energy and
correspondingly a mass which for the usual gravitational potential in (3) is given by [6]
Mg =
1
2
M⊙
2G
rc2
. (7)
Calculating the same kind of mass for the linear part of the gravitational potential (3)
corresponding to the cosmological constant Λ, we note that from Poisson’s equation
∇2ΦΛ = −4 πGρΛ, (8)
one can assign a uniform energy density ρΛ =
Λc2
4πG
and consequently, through mass-energy
equivalence, a mass
MΛ =
∫ r
0
ρΛdV
′ =
∫ r
0
ρΛ4πr
′2dr′ =
Λc2
3G
r3, (9)
which will affect a planet in a circular orbit of radius r around the Sun. Applying the above
relations to the total energy of a planet at radius r around sun we end up with
E = (m−m0)c2 − GmM(r)
r
− 1
6
Λmr2c2, (10)
4
in which
M(r) = M⊙ +MΛ +Mg = M⊙ +
1
3
Λ c2r3
G
+
1
2
M⊙
2G
rc2
, (11)
is the Sun’s modified mass at a distance r. It should be noted that Λ appears twice in Eq.
(10). Once through its contribution in the modified mass and then through its own potential
energy arising from the Λ-dependent gravitational potential in Eq. (3). Substituting for m
andM(r) in (10) and expanding m in terms of v
c
and using the fact that for an approximately
circular orbit mv
2
r
≈ GmM
r2
, we find up to the second order in v
c
,
E ≈ 1
2
m0v
2 − Gm0M⊙
r
− 5G
2m0M⊙
2
8r2c2
− 1
2
m0r
2Λ c2 +
1
6
m0M⊙GΛ r, (12)
in which the first two terms in the right hand side are the familiar Newtonian contribution
to the planet’s energy. The third term is due to the mass attributed to the gravitational
energy Mg in Eq. (7) and through this crude reasoning, responsible for the precession of
Mercury’s perihelion [6] giving both the order of magnitude and the correct sign of the
effect as compared to the general relativistic value [17]. The last two terms correspond
to Λ’s contribution. Ignoring the last term in comparison to the fourth term (since their
ratio GMm/r
mc2
≪ 1) it is noted that the extra advancement of planet’s perihelion due to the
cosmological constant is given by the ratio φΛ
φN
in which φΛ and φN are the Λ-dependent and
Newtonian gravitational potential energies (i.e the fourth and the second terms in the right
hand side of Eq. (12)) respectively, so that;
δΨΛ
2π
=
φΛ
φN
=
1
2
Λ r3c2
GM⊙
, (13)
or
δΨΛ ≈ π Λ r
3c2
GM⊙
. (14)
Comparing this result with (5) for an approximately circular orbit (i.e e ≈ 0) it is surprising
that we have found the exact general relativistic result through the above approximate
approach. It has already pointed out in the literature that the above result could only put
an upper limit on the value of Λ of order 10−42cm−2, since for values larger than this the
effect of the cosmological constant on Mercury’s perhelion would be observable [11]. But
we know from the cosmological observations that this upper limit has already been well
respected and the value of the cosmological constant is 14 orders of magnitude smaller. In
5
other words the precession induced by Λ is at least 1014 times smaller than that due to the
gravitational energy given by the ratio φGE
φN
, in which φGE is the third term in the right hand
side of Eq. (12).
IV. EFFECT OF Λ ON LIGHT BENDING
The general classical equation of trajectory for a particle of mass m and angular momen-
tum l under the action of a central force F (r) is given by [13];
d2
dφ2
u (φ) + u = −
mF
(
1
u
)
l2u2
, (15)
in which u = 1
r
. To study bending of light in a gravitational force field of the form (4),
we follow Laplace and assign a mass mγ to photon so that the above equation takes the
following form
d2
dφ2
u (φ) + u = α−1 − δ
u3
, (16)
in which δ =
Λc2m2γ
3l2
and α = l
2
GMm2γ
[18]. To solve the above equation we use a perturbation
method based on the fact that the last term in the above equation is much smaller than
the other terms due to the smallness of δ. Therefore, to the first order in δ, we assume a
solution of the form
u = u0 + δ u1, (17)
in which u0 =
1+ǫ cos φ
α
is the zeroth order solution corresponding to the orbit of a particle
under the influence of the usual inverse square law with eccentricity ǫ =
√
1 + 2Eα
mMG
. Now
substituting (17) in (16), we find the following equation for u1
d2
dφ2
u1(φ) + u1 = − α
3
(1 + ǫ cosφ)3
, (18)
whose special solution, for ǫ≫ 1 (i.e ǫ ≈
√
2Eα
mMG
) is given by;
u1 ≈ α
3
2ǫ2
(
2 cos2 φ− 1
1 + ǫ cosφ
)
, (19)
and consequently the general solution for u is as follows;
u ≈ 1 + ǫ cosφ
α
+
1
2
δα3 (2 cos2 φ− 1)
ǫ2(1 + ǫ cosφ)
. (20)
6
Now the bending angle is given by,
γ = 2φ∞ − π, (21)
in which φ∞ is the particle’s (here Photon’s) azimuthal angle (measured from the axis joining
the deflector to the point of closeset approach) at infinity. It is found by setting r = ∞ or
equivalently u = 0 in (20);
φ∞ ≈ Arccos(−1
ǫ
±
√
δ
2
α2
ǫ2
), (22)
to the lowest order in δ and in 1
ǫ
. Again expanding the above function we have;
φ∞ ≈ π
2
+
1
ǫ
−
√
δ
2
α2
ǫ2
, (23)
where we have chosen the plus sign in (22) to avoid the singularity in (20) at φ = π
2
+ 1
ǫ
.
Substituting the above result in (21) we end up with;
γ =
2
ǫ
−
√
2δ
α2
ǫ2
. (24)
It is noted that the first term is the usual bending angle due to the inverse square law
which is half the general relativistic value as expected. The second term which is induced
through the linear force term in (4) bears the repulsive nature of Λ in being negative and
obviously reduces bending. This repulsive nature of Λ could also be seen through the angular
dependence of the extra (Λ-dependent) term (19) added to the light path in the absence
of the cosmological constant. It is equal to zero at φ = π
4
(where r = r0) and maximum
at φ = 0, so it is negative for 0 < φ < π
4
and positive for π
4
< φ < π
2
+ 1
ǫ
. This leads,
for the same angular positions, to larger (smaller) radii for the perturbed path compared
to the unperturbed path for π
4
< φ < π
2
+ 1
ǫ
(0 < φ < π
4
). Consequently the tangents to
the unperturbed path will have steeper slopes compared to the perturbed path and thereby
leading to a larger bending (Fig. 1). It is also interesting to note that the perturbed path
is dimpled around the closest approach due to this extra term. This corresponds, in the
general relativistic treatment [1], to the spatial projection of the light path on the Flamm
praboloid near the Schwarzschild region of SdS (where m
r
dominates over Λr2) as comapred
to the projection on a sphere with radius
√
3
Λ
in its de Sitter region (where Λr2 dominates
over m
r
). To write the bending angle in terms of more common parameters we note that
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photon’s angular momentum is given by l = mγcR in which R is the distance of the closest
approach. Also taking E ≈ 1
2
mγc
2 as photons energy by neglecting its potential energy and
substituting for l in α we find
ǫ ≈ c
2R
GM
, (25)
and consequently the contribution of Λ to the bending angle is given by
γΛ ≈ −
√
2Λ
3
R. (26)
Being dependent on the square root of Λ, and the fact that from cosmological observatons
Λ ≈ 10−56cm−2, the above value is more pronounced compared to the general relativistic
value obtained by Rindler and Ishak,
γΛ ≈ −Λ c
2R3
6MG
, (27)
depending on Λ itself [1]. This difference on the dependence of bending angle on the cos-
mological constant originates from the fact that, working in the Newtonian realm, we have
allowed r −→ ∞ in (20) which is obviously not allowed in full SdS spacetime. In fact it
was this non-asymptotic flatness of SdS spacetime which led Rindler and Ishak to a local
definition of bending angle for different angular positions (Φ) of the observers [19]. To show
the effect of this important fact more clearly, we find the bending angle for the finite value of
r corresponding to φ = π
2
, which is geometrically equivalent to the intrinsically characterized
r value at Φ = 0 in [1]. We do this by computing the slopes of the tangents to the perturbed
and unperturbed paths at φ = π
2
. These are given by
β0 ≈ tanβ0 =
(
1
r0
dr0
dφ
|φ=pi
2
)−1
=
1
ǫ
, (28)
and
β ≈ tan β =
(
1
r
dr
dφ
|φ=pi
2
)−1
≈ 1
ǫ
(1− 3
2
δα4
ǫ2
), (29)
for the unperturbed and perturbed paths respectively (Fig. 1). Therefore the contribution
of the cosmological constant to the bending angle in this case is given by
γΛ ≈ 2(β − β0) ≈ −3δα
4
ǫ2
= −ΛR
3c2
MG
, (30)
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β
β 0
0r = r
φ = pi/4
M
FIG. 1: Light paths in the presence (dashed line; r(φ)) and in the absence (solid line; r0(φ) ) of Λ
for −π
2
< φ < π
2
. Note that the difference between the paths is enormously exaggerated due to the
small value of Λ. It is also intersting to note that the perturbed path (dashed line) has the same
shape (in being dimpled around the closest approach) as the spatially projected light path L2 in
Fig. 1 of Ref. [1].
which compared to the general relativistic value Eq. (27), not only has the right sign but
also, up to a constant factor of 1
6
, is the same Λ-dependent result. Again as in the case
of the Mercury’s perihelion, due to the very small value of the cosmological constant, it is
expected that the effect of Λ on light bending to be negligible. Indeed for a light ray grazing
Sun’s limb the light bending induced by the cosmological constant is 1028! times smaller
than that by the Sun’s mass itself [1].
V. DISCUSSION
The above results show clearly that one should have expected the effect of Λ on light bend-
ing in a general relativistic treatment of the same phenomenon based on the Schwarzschild-de
Sitter spacetime as the metric around a spherical deflector such as Sun.
As pointed out in the introduction one could think of the above calculation as the calcula-
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tion of light bending in Newton’s modified gravity in which a linear force is added to the
inverse square law. But then in the purely Newtonian case one should be careful with the
form of this extra term if one way or another it is going to be related to the Newtonian limit
of an appropriate general relativistic spacetime. For example in [10], as an straightforward
conjecture, the full force (per unit mass) due to a point mass M according to Newton’s
modified gravity is given by F = −GM
r2
+CMr in which C is a constant. In other words the
extra (linear) force is taken to be originated from the body’s mass M and proportional to it.
It is obvious that now CM should be related to the cosmological constant if one is looking
for a central repulsive force in a cosmology based on this modified Newtonian gravity. To
do so the authors have used the Friedmann equation in the presence of Λ in the weak field
limit
a¨
a
= −4πGρ
3
+
Λ
3
, (31)
applied to a sphere of radius r and mass M leading to
r¨ = −GM
r2
+
Λ
3
r, (32)
so that Λ
3
= CM . In this way Λ, in the cosmological scale, is related to the mass of the
universe in the same spirit as in the Einstein static Universe [20] and of course in line with
Mach’s ideas on the origin of inertia. But it should be noted that this form for the linear
force is not compatible with the Newtonian limit of SdS spacetime (as an exact solution of
Einstein modified field equations for a compact spherical object of mass M) since, unlike
the gravitational force in the Newtonian limit of SdS (Eq. (4)), here by setting the deflector
mass M equal to zero the total gravitational force vanishes. This originates in the simple
fact that setting M = 0, SdS spacetime reduces to that of de Sitter and not Minkowski i.e
Λ in SdS spacetime is a new parameter independent of the mass of the central object.
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